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Abstract. In the paper we prove an explicit formula for the central values of certain Rankin 
L-functions. These L-functions are L-functions of Hilbert newforms over a totally real field F, 
twisted by unitary Hecke characters of a totally imaginary quadratic extension of F. The formula 
generalizes our former result on L-functions twisted by finite characters. It also eliminates the 
restriction on ramifications of Popa's paper. 



1. Introduction 

In this paper we will prove an explicit formula for central values of certain Rankin L-functions. 

The setting is as follows. Let / be a Hilbert newform over a totally real field F with trivial 

central character and has weight {2ki,2k2, ■ ' ' I'^kfi). Suppose the level of / is A^. Let x be a 

unitary character on A^/K^ Ap of conductor c(x)- Here is a totally imaginary quadratic 

extension of F, Ap and are the idele groups of F and K respectively. Let vr and vr^ be 

the automorphic representations of GL2{Af) associated to / and x respectively, then we use 
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L{s,iT X TT^) to denote the Rankin- Selberg convolution of L(s,7r) and L{s,tt^). The L-function 
L(s,7r X TT^) has a functional equation of the form L(s,7r x tt^^) = e(s,7r x '!r-^)L{l — s,7r x tt^^). 

Assumption. We assume that 2, A/" and d^/F (the absolute relative discriminant of K/F) are 
co-prime to each other. 

Under this assumption the sign e(l/2, tt/ x TTy,) is given by (—1)1^1, and S is the following set 
of places of F 

S = El U {v\N such that a;^(A^) = -1}, 

where Si is a set of archimedean places determined by weights of x ^■nd / (see the following 

paragraph), to is the quadratic character of F^\A^ associated to K/F. In this paper we will find 
an explicit formula for L(l/2, tt x -k-^) when the sign of the functional equation is namely 
when |S| is even. 

To determine Si we assume that the character x has the infinity type 
(1.0.1) Xoo = ^rrT + ^ rprpr, 

re* pT 

where <I> is a fixed CM type of K, p is the complex conjugation. Since x is unitary we have and 
assume — r,- = rpj- > 0. Let = rpj- if v is the infinite place of F under r, then Si is the set of 
v^s such that < ky. The rest subset of infinite places of F is denoted by S2. 

If |S| is even there is a unique (up-to isomorphism) quaternion algebra B over F such that B is 
ramified exactly over S. The CM field K can be embedded in B and the embedding will be fixed 
from now on. It is well-known that there is exactly one irreducible automorphic representation 
TT^ of B^ {A) / , such that tt^ and tt are related by Jacquet-Langlands correspondence. 

We now state a short version of our main theorem. For the complete statement and notations 
see Theorem 2 in Section 4. 

Theorem 1. The central value of L{s,7r x n^) is given by 

^•>(t)x(t)-'dt 



where C is an explicitly determined positive constant, (p* is a certain automorphic form in the 
representation space of it, and (f^ is a certain automorphic form in the representation space of 

Our paper is devoted to the proof of this theorem. When x is a finite character we have 
obtained such a formula in [11] by using a geometric argument following [12] (initiated by Gross 
[2]). In [4], whose approach will be taken in our paper, a similar formula over real quadartic fields 
is proved under the assumption that N is squarefree and x is unramified. The goal of our paper 
is to obtain a similar result over CM fields and remove the restriction on conductors. 

We would like to thank Shouwu Zhang for his encouragement and help. 
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1.1. Notations. We use F to denote either a totally real number field or a non-archimedean 
local field, depending on the context. When F is a non-archimedean local field, we write tu, O, 
and U to denote its fixed uniformizer, ring of integers and group of units respectively. The letter 
K denotes either a totally imaginary quadratic extension of F when is a number field, or a 
quadratic extension (split or not) of F when F is a local field. If S is an algebraic object defined 
over for instance if S" is a vector field or an algebraic group over F, then we use S'a to denote 
its adelic points over the adclc ring A = Kp. The space of Schwartz functions on a topological 
space V is denoted by S{V). For a subset A oiV its characteristic function is denoted by 1^. 

The notation Uo{\) represents the standard maximal compact subgroup GL2{Of) of GL2{A), 
while Uo{N) denotes the matrices in C/o(l) with lower left entries divisible by N. Similar notations 
hold in local situation. We denote by Z, B and N the center, the standard Borel and unipotent 
subgroup of GL2 respectively. The notion n{x) denotes a unipotent matrix with x in the upper 
right. Sometimes we also denote GL2 by G. Wc let Ti be the diagonal subgroup of GL2 with 
lower right entry equal to 1, and let t{a) be the matrix in Ti with a in the upper left. 

We fix an additive character of K/F by the formula ifj{a) = '0Q(tr^/Q(a)), here Vq is the 
standard additive character of Aq and tipj^ denote the trace map from A/F to Aq/Q. Therefore 
the conductor 8 il) \s the relative discriminant of -F/Q. Locally we also fix an unramified 
additive character ■0° of Fy. The character and ■i/'t) (the restriction of ijj on F^) are related by 
the identity iIj{x) = 'tp'^{Svx), where 6^ is the discriminant of Fy over Q^,. 

We will use N and tr (with or without the subscript V) to denote the reduced norm and 
trace of elements in a quadratic or quaternion algebra V/F. We use uy to denote the quadratic 
character associated to a quadratic space V and use uj especially to denote the quadratic character 
of the quadratic extension K/F. Finally we use c{n) (or c{lo)) to denote the conductor of the 
representation tt (or the character lo). 

2. Preliminaries 

In this section we will first recall some facts on Weil representations of SL2 and theta kernels. 
Then we will construct some special local Schwartz functions associated to these representations. 

2.1. Weil representations and theta kernels. First let F be a local field of characteristic 0. 
Let ■0 be a fixed nontrivial additive character of F. Let V he a 2n-dimensional space over F with 
a non-degenerate quadratic form q. Let GO{V) be the group of similitudes of the quadratic space 
V defined by 

GO{V) = {ae GLf{V) : q{av) = iy{a)q{v) with iy{a) G for v G V}, 
where u is called the similitude factor. We write 



R{GO{V),GL2) = {{h,g) G GO{V) x GL2 : iy{h) = det{g)}. 
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Note that R{GO{V),GL2) is isomorphic to the semidirect product GO{V) ix SL2 by the map 

("'(i detb)-')-")- 
Since dim(y) is even, one can construct a Weil representation defines a representation of 
SL2{F) on the space S{V) of Br uhat- Schwartz functions on V by the fohowing rule 

f{x) = i/j{aq{x))f{x), 
f{x) = |aPu;y(a)/(ax), 





V 
-1 0, 



fix) =lf{x), 



here 7 is an eighth root of unity, LOy is the quadratic character of associated to the quadratic 
space V. The measure on V is taken to be self-dual with respect to the Fourier transform 
fix) = Jv fiy)i^iQix, y))dy, where qix, y) = g(x + y) - qix) - q{y). 
If r' = r\ is the Weil represnetation attached to (F, Ag') then 



u' = io, 7' = a-'(A)7, dx' = |A|da;. 



If r'q is the Weil representation attached to iV,q) but with respect to tp^x) = tpi^x), then 

(2.1.1) r'{g) = ritiS)gtiS)-'). 

The representation Vq can be extended to a representation of R{GO{V), GL2) on the same 
space Siy) by letting 

rqih,g)fix) = L{h)rqigi)fix), 

where gi = (l ^ ' 9 ^ SL2iF) and L{h)f{x) = \u{h)\-'' fih-'x). 

\Q detig) 'J 

In this paper wc only consider two types of V. The first type is ^ = for a quadratic algebra K 
over F (split or not), equipped with a quadratic form q{x) = AN/^ for certain A € F. The group 
i^^ is a subgroup of index 2 of GO{V) whose action on ii' = y is given by multiplication. The 
similitude factor is given by i^(t) = N;^(i). The whole group GOiV) is the semi-direct product of 
and the involution group of K/F. The other type is (V, q) = (5, N^), where S is a quaternion 
algebra over F. The similitude group GO{V) is the semi-direct product of its connected identity 
component GSOiV) and the standard involution of B. Also, one has GSOiV) = x B^ /F^ 
through the map (51,52) ^ 9ibg2^ for b E B. Under this identification the similitude factor on 
GSOiB) is given by Nsig^^). 

Now suppose F is totally real number field. Let {V, q) be an anisotropic quadratic space of 
dimension 2n over F. A similar global construction as the above gives the Weil representation of 
the group i?(GO(VA), GL2(A)) for a fixed addtive character ip of A/F. 
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The theta kernel on R{GO{Va), GL2{A)) is defined by 

(2.1.2) e{h,g;<j>)= ^ r^ih, g)ci>{x) 

xeVp 

for any ^ G S{Va). 

There are three global quadratic spaces to be considered. The first one is {K, Nk) for the CM 
field K, and it corresponds to the construction of thcta series associated to Xi see Section 4.1. 
Anothe one is (K, AN^^) and corresponds to the construction of an Eisenstein series (Section 4.1). 
The third one is (Bj'Nb) for the quaternion algebra B over F and corresponds to the theta lift 
between GSO{B) and GL-2 (Section 4.3). 

2.2. Special vectors. For later applications we need to find some special vectors (j) in the space 
Siy^) for various quadratic spaces V . We choose and fix a global embedding K ^ B such that 
B = K + Kj, where j is an element in B with j'^ = — A £ Op and j'' = — j (i is an involution of 
B with respect to the fixed embedding of K). As quadratic spaces over F one has an orthogonal 
decomposition {B,Nb) = iK,NK) © {K,ANk)- 

Let K = F + Fi, where i"- = —i and = uk- So the quaternion algebra B has a decomposition 
B = F ® Fi® Fj ® Fk, where = nx, = —A, and ij = —ji = k. By the assumption we have 
e{Bv) = {riK, — A)i;, where (■, •)„ is the local Hilbert symbol of K at v. 

Lemma 2.2.1. Let c = Max(?;(c(7r)), u(c(7r^)) = Max{v{N),v{D)) with D = c{x)'^c{lo), then we 
can choose j E B such that A = N(_7) falls in one of the following five cases for m G Z+; 

(1) c = 0, with V inert in K, then f (A) = 2m; 

(2) c = 0, with V split in K, then v{h) = m; 

(3a) c = 2t + 1, with v inert in K , then v{K) = 1; 
(3h) c = 2t > 2, with v inert in K , then v{K) = 0; 

(4) c'> 1, V is split in K , then v{K) = m = 0, 1; 

(5) c = 1, V is ramified in K, then v{A.) = 0. 

Proof. We first show that one can remove all the even positive prime powers in A at places where c 
is nonzero. Let p be a prime such that p^*|A for a maximal t > 1. By Chcbotarev density theorem 
one can find an odd prime q (which is coprime to every ramified place) such that pq"^ = xOp 
with X G F. If we let j' = j/x^ and A' = — (j')^, then the new A' has the power less than 2 at the 
prime p. Obviously K + Kj' equals B. 

If K/F is inert at a place v (or equivalently, at a prime p), then €{By) = (n/^, A)^ = (— l)''^^). 
But by our construction we have (—1)"^ = e{By), so v{A) and c have the same parity.So we have 
got the first 4 cases. 

Now we assume that c = 1 and Ky/Fy is ramified. By the above argument we may also assume 
v{K) = 0, 1. By Chebotarev we find a good prime 0.oi K and an a; G K such that xOk = £2^~^, 
where ^ is the prime ideal of K which divides p (the prime of v). If we take j' = x~^j and 
A' = = -NK{x-^)f, then B = K + Kj' and v{K') = 0. □ 
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Note that the case v{N) ^ corresponds to Cases 3 and 4, and the case v{c{x)) ^ corresponds 
to Cases 3b and 4. 

The theta series and Eisenstein series to be studied later on depend on the choice of (/> G S{Va)- 
There are three cases. The first one is the thcta Hft from GSO{K)\GSO{Ak) to G{F)\G{A). 
The second one occurs in the definition of the Eisenstein series f(s,g;(j)). The third one is the 
theta lift from G{F)\G{A) to GSO{B)\GSO{Ba) (see Section 4). 

Nonarchimedean case. Now wc construct special Schwartz functions at a finite place v 
according to the above three cases. Let K = and F = Fy. 

Nl. Let V = K he the fixed quadratic extension oi F = Fy equipped with Nx/f as the 
quadratic form. If v /fc(x) then we take (f)i{x) = le)^(a:), if 'y|c(x) then we take (f)i{x) = x(x)1qx . 

N2. We let ^2 € S{K) be the characteristic function 1^ of a lattice L constructed as follows 
(according to the five cases discussed in Lemma 2.2.1): 

(1) : L = w-^Ok, 

(2) : L = 0®w-"'0, 
(3a) and (3b): L = w^Ok, 

(4) : L = ® to''"™©, where v{K) = m for m = 0, 1 

(5) : L = Ok, where v{K) = 0. 

Actually in Case 2, if we take wk = (1, ^7) be a uniformizer K = F ®F then L = w~'^Ok, 
so Case 2 and Case 1 can be treated together. The remark also applies to Case 4, which can be 
treated similarly as Case 3. 

Let R = Ok + Lj, a simple calculation shows the following. 

Lemma 2.2.2. The lattice R is an (Eichler) order of reduced discriminant in B. 

N3. Let V = B he s, quaternion algebra with its norm as the quadratic form. Under the 
orthogonal decomposition B = K + Kj we take (f){xi +X2j) = ^i(ic 1)^2 (2^2), where 01 and ^2 are 
constructed in Nl and N2 respectively. So the function ^ is given by 



(j){x) 



Ir if V /fc(x), 

x{xi)1rx if v\c{x) and x = xi + X2j. 



The last line is valid at v\c{x) as we can write Lj = Okj' such that j'^ is a unit multiple of c(x)^ 
In the seond case we also denote ^ by X; which is a character on i?^. 

If K/F is ramified we let R denote the following maximal order of M2{Fy) 



(2.2.1) R = {a + hj : a,h e (5^J,^ such that a -hue Ok^}, 



where 6 is the different of K/F, and u £ Uk is such that j = f^xu- Here such an u exists 



because {nK,j'^)v = (f^K, —■^)v = !> i-e, is a norm in K. We write (/)' = Ip. 



Now back to the global setting. Let be a fixed additive character of A/F of conductor 6. We 
form a compact subgroup of Bl 



= JJ -R^ JJ 

v\/t(ui) v\c{u)) 

and define a character x (by abuse of language) on R^ by x(^) = n?;|c(x) Xviky), where Ry, Ry 
and Xv are defined as above. For x = Y[v[6o ^ -^A/, we define 

^/(^) = n '^^(^^) ■ n 'i^'vi^v)- 

v\/;(lj) v\c(lj) 

Now we determine the level structure of 0^ in the Weil representation rs attached to (B,Nb)- 

Proposition 2.2.3 (Level structure). For k G t{S)~^Uo{Nc{x)'^)ti^) and ki,k2 € R^ such that 
detK = NB{kik2^) 

TBiikl, k2), K)4>'f = xiki^k2)(p'f, 
where (fci, ^2) is regarded as an element in GSO{B^^) = Aj\B^^ x B^^. 

Proof. As rBi{ki,k2),K)4>'{x) = r B{i^i)(t>' {k'^^ xk2) and 4>'{k^^xk2) = x{ki^k2)4>' , we are reduced 
to check 

(2.2.2) rB(K)</.' = 

for any k G t{S)-^UoiNc{x)'^)t{6) n 5L2(A/). It suffices to check (2.2.2) locally. At a finite place 
V, by (2.1.1) we may assume ipy is unramified and check (2.2.2) for generators of Uo{Nc{x)'^)- 

If v{Nc{x)'^) = 0, then (py (or 0^) is the characteristic function for a maximal O^-order of By 
and the check of (2.2.2) is simple (or see [10]). 

We assume now v{Nc{xy) = c > 0. 

Lemma 2.2.4. Let r\ as usual be the Weil representation associated to (Ky, AN). Assume Ky/Fy 
is unramified (split or not). If (py = ^^c-m^^ and v{X) = M, then rx{K)4'v = (pv for any 
KeUoiru^)nSL2{Fy). 

If4>v = x{x)Iq^ for v{c{x)) / 0, then ri{n)(j)y = (py for any k G Uo{c{xf) n SL2{Fy). 

Proof. The subscript v will be suppressed during the proof. The group Uq{w'^) fl SL2{F) is 
generated by matrices of the type 

^ to ^ to) ■ 

where a,u e O^, b e O. It is clear that r\{l{a))(f) = (f) and rx{n{b))(f) = (f). For m{uw^) we note 
that 

' l\ 



m{uw'^) = —wn{—uw'^)w, for w = 



T 0, 
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Now rx{w)(f) = j4>-i lisre (f> is the Fourier transform with respect to the self-dual measure dx. So 
= const • where wk is the conjugate of wk over F. It is easy to see rx{n{—uzu'^)) 

fixes (f), hence (7 = 1 in our case) 

r\{m{uw'^))(i){x) = r\{w)4){x) = (p{—x) = 4>{x) 

by the Fourier inversion formula. 

See [4] Proposition 2.5.1 for the proof of the second statement. □ 

Consider the following decomposition of re via (S^,Nb^) = (K^jN^^:^) © [K^^ANk^) 

rB^iK)(pixi +X2j) = ri{K.)(f)i^y{xi)rA{K)(f)2,vix2), 

for K G Uo{w^) n SL2{Fy). The proof of Proposition 2.2.3 is completed by applying the lemma to 
both ri{K) and r\{K). □ 

Archimedean case. Assume that we have fixed the global decomposition oi B = K + Kj 
induced by the chosen embedding of K into B, such that N5(j) = A. At an archimedean place 
V there are two cases about the sign of A. If > ry, By is definite, then Ky has to be positive; 

if ky < ry, By IS split and A^ is negative. If we let jy = i ^ I then we have the 



identification M. = Ky® Kyjy by 










-hi 


[0 




\—v ul ' 





v/^/K 
v/^/K^ 



Jv 



If By = M2 (M) , and jy = ^ | , the identification becomes 








(u 




: 




{0 











Jv 



v/y^\ 

^ v/yWv 

In the following we will construct 0's on the spaces in the left side of the above identifications. In 
other words, we will construct Schwartz functions on the quadratic spaces C with the standard 
norm N (or — N, see Case A2), or EI and M2(M) with the standard reduced norms. See Remark 
2.2.1 for the general case. 

Now let the additive character be defined by ijjyix) = e^'^'^. 

Al. Let F = C be the quadratic space equipped with q{z) = x"^ + over Fy = R, where 

z = XiU G V. Suppose the character x(z) is given by — , where r is a non-negative integer. Let 

2 

us define (l)i{z) = 2z^''e~^'^l^l G S{C,x), where S(C,x) represents the x-isotypic subspace of the 

whole Schwartz space. Let A 1 = | ] and A_ = ( ] be two vectors in the Lie algebra 

SI2 of S'L2(M). In order to check the weights of ^'s in the Weil representation we need to check 
the action of A_|_ — A_ on these vectors. 
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The effects of these two vectors on S{C) are well-known (see [10]): 

r(X+)0 = 2m{z ■ z)(p, 



It is easy to check that 




r(X+-X_)0i =i(2r + l)<^i, 

therefore (t)i{z) = 2z^''e~^'^l^l^ or the corresponding theta lift has weight 2r + 1. 

A2. For the Eisenstein series, there are two cases. The first case is when the quadratic space is 
C with the standard norm q. Then we take <f)2{z) = pi(47r|2;p)e~^'^'^' G -S'(C, 1), where I = k—r—1 
(when k > r) and pi{t) is the Laguerre polynomial of degree I: 

pi{t) = Yl 

3=0 

Using the formulas for and X_ we can see that: 

r(X+ - X_)</)2 = i(2l + 1)^2- 
This is because pi satisfies the differential equation: 

p'l{t)t + (l-t)p'i(t) + lpi = Q. 

Therefore the weight of the corresponding Eisenstein series is 2Z + 1 = 2{k — r) — 1. Laguerre 
polynomials have very nice orthogonal properties: 

(2.2.3) / pi{t)pm{t)e-'dt = 5im, 

Jo 

where Sim = 1 or depending on Z = m or not. 

The other case is when the quadratic space is (C, —q). We let (l)2{z) = pi{4Tr\z\'^)e'~^'"^^^'^ , where 
I = r — k {r > k). Now the formulas for r(X+) and r(X_) on S{C) become: 

r{X+)(j) = -2m{z ■ z)(p, 
It is easy to check that (p2 has weight 2{k — r) — 1 = 2k — 2r — 1. 

Remark 2.2.1. In Case A2 (and Case A3 below) we have used the standard quadratic form on 
C, i.e, we have used j'^ = ±1. To get the corresponding <p2 for quadratic form Aq{z) = A|zp we 
only need to take see that all the statements 

remain true because the map z i— > zl-\f\K\ gives an isomorphism between {C,q) and (C, Ag). 
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A3. First we let V = M, which is viewed as C Cj. Then we have on S{M.): 

r{X^)4> = 27ri{xx + yy)(j), 

and 

^(^X )(h — ^ ( ^ d ^ d d 
2m dx dx dy dy 

Here x and y are variables on the two copies of C respectively. Let (t>{z) = (j)i{x)(l)2{y) G 'S'(IHI), 
then (j) and thus the corresponding thcta lift has weight 2r + 21 + 2 = 2k (which comes from a 
similar computation as in case Al or A2). 

Now we let V = M2(M), the real matrix algebra of order 2. It is also viewed as F = C + Cj. 
On S'(M2(M)) we have: 

r(X+)0 = 2iTi{xx - yy)<t), 

and 

K^-)('^) = -^(^-^-|-|)<^- 
Let ^ still be the product of 4>i and 02 j then the corresponding theta lift has weight 2r — 2Z = 2k. 

Proposition 2.2.5 (Archimedean weight structure). For k = e*" G 5'L2(M), ki = e'^"^,k2 = 
e*"2 e C we have 

rB((fei, fc2), =e2"("i-«^)e2^'>. 
Proof. It is clear from the above discussions. □ 

3. Rankin- Selberg convolution 

We will study the Rankin-Selberg convolution integral which involves certain Eisenstein series 
arising from a Weil representation. Here the Weil representation is associated to the quadratic 
space {K,AN) and a fixed additive character Let S be the conductor of ip, i.e., V'(a^) = il^^{Sx) 

for an unramified additive character tp^ of A (but not of A/F). Let t{6) ~ ^ ' before 

the quadratic character associated to K/F is denoted by u. For g € G{A), s € C, ^ € £'(1/4) we 
define a function 

(3.0.4) /(s,5;0) = (rA(5i)<^)(0)|a5(5)P^-^|det(5)|-i/2a;-Hdet(5)), 

where as{g) = \a/b\^^^ if g = [ \ k' for k' in the twisted maximal compact subgroup 

\0 b) 

U' = t{S) ^Ut{S) of G(A), where U is the standard maximal compact subgroup (as one has 
a twisted Iwasawa decomposition G(A) = ANU'). The function f{s,g; (f)) belongs to the induced 
representation B(\ \^^'^,lo~^\ 1"*^^). The related Eisenstein series is given by 

E{s,g;(f))= f{s,7g;(f>) = Y /(^' 75; '?!')■ 

7GB(F)nSL2\5L2(F) 7GB(F)\G(F) 

This series converges for 3ft(s) 3> and has an analytic continuation to the whole s-plane. 
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If a{g) denotes the function with respect to the standard U, then we have the following 
(3.0.5) as{g) = a{t{6-^)gt{6)). 

3.1. Non-archimedean case. Let F = F„ be a nonarchimedean field. We first consider an 
unramified additive character ■0° of F. Let tt be an irreducible (infinite) representation of G{F) = 
GL2{F) of central character u^^. For every W in the Whittaker model W(7r, V'°) of tt we define 
its Mellin transform by 



A Whittaker function W° G W(7r,V'°) is called a Whittaker newform if it takes value 1 at the 
unit matrix and is right invariant under i7i(c(7r)), where c(7r) denotes the conductor of tt. By 
results of Casselman [1] and Zhang [12] it is known that the Whittaker newform exists uniquely 
and satisfies 

*(s,0 = L(s,7r). 

The Whittaker newform W° has a functional equation. Let go = i ^ ^ ) and let be 



-c(7r) 0, 



the Whittaker newform of the contragredient then (see [12]) 
(3.1.1) W^{ggo) = Wl{g)u^{Actg)e{7:,^'^) 







where e{'K,il)^) = e(l/2, vr, V''^) is the local e-factor of vr with respect to ifj' 

Now we assume it\ — tt^, 7r2 — ^Xi^ and let be the Whittaker newform of tt^ for i — I5 2. 

Let {K,KNk) be a quadratic space (splitting or not) over F. 
For (j)2 G S{K) we define 

/°(.,5;</>2) = ri(5i)<^2(0)|a(5)|2^-^|det(5)|-^/2u;(det(5)), 
where a{g) = |a/6|^/^ ii g = [ \k with k in the standard maximal subgroup Uq{1). The 

Vo h) 

modified Rankin-Selberg convolution of and W2 given by 

(3.1.2) W+{s,WlWl(t>2)= I W^{eg)Wl{g)f{s,g;4>2)dg, 

JZ{F)N{F)\G{F)+ 

where G{F)+ = {g e GL2{F) : detge N{K)}. Here the measure of Z{F)N{F)\G{F)+ is taken 
to be 

(3.1.3) dg = \t\-'^d''tdk 



under the decomposition G{F)+ = Z {F)N {F)Ti{F)Uo{l)^ , where d^t is the measure on Ti{F) = 
such that At(Nx(J^x)) = 1, and dk on Uo{l)+ = Uo{l) n G+ is such that //(C/o(l)+) = 1. 
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Proposition 3.1.1. Let c = Max(t;(c(7ri)), 'y(c(7r2))). Let G W(7ri,V'°) and G W(7r2, V'°) 
he the Whittaker newforms of tti and 1^2 respectively, then 



L(s,7ri X 7r2) = < 



L{2s,u)^+{s,W^,W^,<i)2) in cases (1) and (2), 

y ^2) in cases (3), (4), (5). 

where uj as usual denotes the quadratic character of F associated to K/F, and the five cases are 
divided according to Lemma 2.2.1. 

Proof. Most of the claims are already proved in [4] (for squarefree N). We will supply a simpler 

proof for some cases. The method, which is first used in [12], can also treat non-squarefree N. 

Cases 1, 2 and 5 can be proved using Corollary 3.1.4 Cases 1,2 and 5 respectively. Since the 
proof is the same as the one used in Cases Al, Al' and A3 of [4], so is omitted. 

Case 3a occurs when c = v{c{'Ki)) = 2t + l and v{K) = 1. As has the minimum level Ui{w^) 
and TTi has conductor w'^, so 

E <(57)=0. 

7eC/i(tj7=-i)/C/i(a7=) 

Then 

(3.1.4) I W',{eg)W{g)dg = ,^ .^e-iw^, facM E / W',{eg)W{g^-')dg = 

I iv iv ^1 ^e[/j(^c-i)/[/^(^c)-'' 

for any function W invariant under Ui{w'^~^). 

By Lemma 3.1.5 f^{s,k;4>2) is the sum of (1 + |ti7|)l[/Q(^c) and a function which is invariant 
under Uq{w'^~^), so 

^^{s,Wlwlh) =(1 + Nl) / W^{-tk)Wl{tk)lu,i^^c^\trUkdt 

Jt+{F)xUo{1) 



L{l,uj) Jt[f) 



L(l,a;) 



/ W?{-t)W^mr'dt 

J TIF) 

L{s, TTi X 712), 



where the last equality is a well-known fact. Since Uo{w'^) = Uo{w'^)^ the proof of case 3a is 
complete. 

Case 3b occurs when either v{c{Tri)) = c = 2t or v{c{Tr2)) = c = 2t. This case can be treated in 
the same way as case 3a. 

Case 4 shows up when t;(c(7r2)) = c. As L{l,u)~^ = (1 ~ 1^1) the above argument for Case 3a 
moves parallelly to this case (also using Lemma 3.1.5 for Case 4). □ 



13 



Lemma 3.1.2. If K/F is a quadratic field extension of different tt^Ok, and a G , then 

|7rKV(Oi^) ifv{a)>-ft, 



f v° 



{ayy)dy = < 



if-ft>v{a)> -C- ft, 

7|a|-M«)"' ifv{a)<-C-ft, 



here f is the residue degree of K/F. 
If K = F ®F is split, then 



/ tp^{axy)dxdy 



|7r|*+* ifv{a)>—s — t, 
la]"^ ifv{a.)<—s — t. 



Proof. This is Lemma 2.5.2 in [4]. 



□ 



Lemma 3.1.3. Let k = 



a b 
c d, 



£ Uo{l) and v{A) = M. If K/F is inert and (f)2 = ^t^i^Ok' ^^^'^ 



f\s,k-<t>2) 



1 i/fcGC/o(^^+2^), 
|Ac~-^zi7^^|u;(Ac~^) otherwise. 

If K = F ® F and 02 = loxro^O; ^^^n 

'l ifkeUa{w^+^), 



f\s,k-A2)={ 



|Ac ^w^\ otherwise. 



If K/F is ramified of ramification index 1 and (f)2 = l-.-^^ , then 



f\s,k-<j>2)= < 



uj{d) if k £ Uq{w), 

7iu(OK)|ro~^Ac~-^|w(-Ac~-^) otherwise. 



Proof. The claims can be proved through direct computations using exphcit formulae in Section 
2.1, Lemma 3.1.2 and the Bruhat decomposition 



0, 



More precisely, if c 7^ and a 7^ we have 

~ I cj l-l oj lo 1 



.c d. 



while if c / and a = we have 



6\ _ / l\ l-c -d^ 
c ~ l-l oJ I 6 ; 



The detail is omitted. 



□ 
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Corollary 3.1.4. According to the five cases of Proposition 3.1.1: 



(1) 
(2) 

(3) 



(f)2 = Izj-mOji^ ihen /°(s,A;;^2) = 1; 
(f>2 = lo X i^-mo, then f'^{s,k;4>2) = 1; 

4>2 = 1^7* Ok' ^^^^ 



(4) : ^2 = lo X ^■cjc-mQ for m = 0,1, then 

f%S,k-cl>2)= { 

(5) : 4>2 = 1ok> then 

f\s,k,<t>2)-- 



1 tfk€Uo{w^), 
|Ac~^|a;(Ac~^) otherwise; 



1 ifkeUoiw^), 
|Ac~^| otherwise; 



uj{d) if k E Uq{w), 

7/i(C'i^)| A|ix'(— Ac^-^) otherwise. 



here the norm \ ■ \ is the norm in F, and in case (5) we have assumed the residue characteristic 
of F is odd. 

Therefore, f^{s,g; is right invariant under Uo{w'^) in the first 4 cases and is right invariant 
under Uo{w^)^ in Case 5. 

Lemma 3.1.5. Let k G Uq{1). In Case 3, one has 

f^{s, k; ip2) = (1 + \w\)lu^^^2t) - \w\{l + |ti7|)l[;Q(^2t-i) + f{s, k; \w\^l^t-iOj^). 
In Case 4, one has 

f°{s, k; (1)2) = (1 - |ro|)l;7o(^c) + |ro|/°(s, k; lo^^c-m-io). 
Proof. For Case 3 by Lemma 3.1.3 

f^{s,k,l^t-10i, - \zu\-^l^tOj,) = (NI^^M - |rop)l[;^(^2«-l) - (1 - \zu\uj{zu))luo{-cj2t), 

hence the conclusion. 

For Case 4 Lemma 3.1.3 again implies 

f°{s,k;(t)2- \w\lo^^c-m-i) = (1- |ro|)l[/(,(^c), 

from which the result follows. □ 



When V divides c(x)^ = c{tt2), or equivalently in Cases 3b and 4, we need a stronger result 
similar to Proposition 2.5.1 in [12]. 
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Proposition 3.1.6. Assume 0<j<2t— 1 = 2c(7r2) — 1, then 



where aj is defined by 



Proof. As 7r2 has conductor w"^^, 



L(s, 7r2) = ^^ajl^p^ = 1. 

j=0 



7ec/i(ro2*-i)/c/i(ro2*) 

If j < 2t, then p{t{zu~^))Wi is invariant under Ui{w'^*~^) . By Lemma 3.1.5 f^{s,k;(j)2) is the 
sum of L(l,a;)~^l[7p(^c) and a function which is invariant under Uo{w'^^^). So, by (3.1.4) one has 



-t^U,'^; Jt+ 



■aw-^))W^itia))\a\'-^da'' 



L(l,cj) 

where we have used the fact that W2 (i(atu^)) = Irop/^ajVFl* (t(a)) for any integral a. □ 

We assume now j = 2t = c. This time it is hard to prove a similar result above, but one can 
still obtain the information on the convolution at s = 1/2, which is sufficient for later applications. 
First, the functional equations (3.1.8) for and W2 imply that (as tti = tti, a;,ri = 1 and u is 
unramified) 

<(5t(^-^*)) = 6(;ri,/X ( 9t{w-'') f ° ]]]= 6(7ri,V'°X f/ " ^ 



-1011 ^ ^' ■ ' - 1 - 1 _^2t 



1 

0, 



W^ai J 1 = e(7r2,V'°)W^2°(5)a;(det5) = e(7r2, /)W^2°(5), 

1^ 



where W2 is the Whittaker newform for •^2- Write 50 = | 2t /^ 1 ^ = ^('''"ij V'^)^('^2, V'^)) 



then 

(3.1.5) *+(s, /9(t(tu-2*X, V^o, 02) 

=e(7ri, /)^'+ (s, p(5oX, W^2°, 02) 

/ <(e5)W2°(5)/°(^,55o; 02)^5- 
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Lemma 3.1.7. Let h e K such that N(/i) = det go = w^^ and define 

(3.1.6) </'2 = ri(/i,<7o)02, 
then 

(3.1.7) f{l/2,g;cl>',) = f{l/2,ggo;h), 
and f^{s,g; is right invariant under Uo{l). 

Proof. The identity (3.1.7) is easily verified through a simple calculation. To ease the computation 
we take h = in Case 3b and take h = (ro^*, 1) in Case 4. By definition 

rl {h,go)M^) = mrl{w)Mx). 

In Case 3b, (p2 = 1^37*0^' since v{A) = and K/F is unramified, we get 

Hence r'l{h,go)<p2 = L{h)l^-to = \w^\lo- 

In Case 4, K = F (B F, ^2 = loxro^t-mQ and v{A) = m, so 

rl{w)(f)2 = |A|l^-2«oxTj7— o- 

Therefore, r% {h,go) 02 = L{h)l^-2toxix>-rr^O = \M'^Oxzu-^0- 

The claim now follows from Corollary 3.1.4 and Lemma 3.1.4. □ 

Proposition 3.1.8. We have 

*+(s,<,W°,</.'2)=0, 

Proof. As both and f^{s,g\4>') are invariant under Uq{1), thus the claim is clear by (3.1.4) 
and (3.1.5). □ 

We now assume that ^ is a general additive character given by iIj{x) = ip^{Sx). Let ta be the 
Weil representation associated to (iC, AN) with respect to ip. It is related to for gi G SL2{F) 
through 

(3.1.8) rA(5i) = rl {t{6)git{6)-') . 

Let Wi{g) = W^{t{6)gt{6-^)) and 1^2(5) = W^{t{6)gt{6-^)), so they are in W(7ri,V') and 
W{tt2,iP) respectively. The modified Rankin-Selberg convolution between Wi and 1^2 is given by 

(3.1.9) W+{s,Wi,W2,(f>2)= [ Wiieg)W2ig)f{s,g;(l>2)dg, 

JZ{F)N{F)\G+{F) 

where f{s,g; 4)2) = rA{gi)M0)\as{9)\'^'~^\ det{g)\-^/'^uj{dct{g)). Here, the measure dc/ on Z(F)iV(F)\G+(F)| 
is induced by that of (3.1.3) through the automorphism g —>■ t{6~^)gt{5), and it is easy to see 
they are the same. 
By (3.0.5) and (3.1.8) 

(3.1.10) fis, t{6)-'gti6y, 02) = /°(s, g; 4>2). 



Proposition 3.1.9. Let Wi{g) = W^{t{5)gt{5-^)) for i = l, 2. For sR(s) » 

(3.1.11) Wi, W2, = W^, 02). 
For l<j<2t = 2v{c{x)) 

(3.1.12) ^+ {s,p{t{w-^))Wi,W2,h) =0. 
Proof. Let g' = t{S)gt{S-^), then 

^+{s,Wl,W2,cl)2) 

= [ T^i(et(ri)5't((J))w^2(t(ri)5't(5))/(s,t(ri)5't((^);<^2)c/5' 

JZ(F)N{F)\G+(F) 

= [ W^{eg')W^{g')f\s,g';<P2)dg', 

JZ{F)N{F)\G+{F) 

which is exactly the right hand side of (3.1.11). 

The proof of (3.1.12) is similar and uses Proposition 3.1.6. 

Proposition 3.1.10. For j = 2v{c{x)) > and C = e(7ri, ^°)e(7r2, V'") 
(3.1.13) 

^+ {s,p{t{w-n)Wi,W2,(f>2) =C [ Wi{eg)W2{g)f{s,gt{d-^)got{Sy,(t>2)dg, 

JZ{F)N{F)\G{F)+ 

and for (1)2 in (3.1.6) 

(3.1.14) f{l/2,gt{5-^)g^t{5)-<t>2) = /(1/2, 5; <^'2). 
Moreover, 

(3.1.15) ^+{s,Wi,W2,^'2)=0. 
Proof Let g' = t{6)gt{d-^). The left side of (3.1.13) becomes 

/ Wiiegt{u;-n)W2ig)f{s,g;cl)2)dg 

JZ{F)N{F)\G{F)+ 

= [ W^{eg't{w-^))W§{g')f\s,g';<j>2)dg' 

J Z{F)N{F)\G{F)+ 

=C I W^{eg')W^{g')f\s,g'go-A2)dg', 

JZ{F)N{F)\G{F)+ 

where in the last step we have used (3.1.5). The right side of (3.1.13) becomes 

C f Wi{eg)W2ig)f{s,gti6-')gom;<P2)dg 

JZ{F)N{F)\G{F)+ 

=C f W^{eg')W^{g')f{s,t{d-^)g'got{dy,ct)2)dg' 

JZ{F)N{F)\G{F)+ 

=C [ W^{eg')W^{g')f''{s,g'go;<f>2)dg'. 

JZ{F)N{F)\G{F)+ 
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By (3.1.7) 



fil/2,gti5-')9om;(l>2) = f{l/2,t{5)gt{5-^)gomt{5-^)-4>2) 

= f{l/2,t{d)9t{d-'y,cl>',). 



The proof of (3.1.15) is the same as that of (3.1.11). 



□ 



Over a finite place 'y|c(x) we now pick a special vector in W{TTi,'tp). The space W(7ri,^) is 
equipped with an inner product, denoted by (, ). Let Wi G W(7ri,^) be the Whittaker function 
defined in Proposition 3.1.9. By newform theory (see Lemma 3.1.11 below for a proof in our twisted 
situation), the subspace of vectors in W(7ri,V') which are invariant under t{S^^)Ui{c{x)^)t{S) is 
generated by p(t{w~^))Wi for j = 0, • • • , 2v{x)- 

We define Wf to be a vector invariant under t{6~^)Ui{c{x)'^)t{S) , such that 



Such a vector is called a local quasi-newform in [12]. Note that W* is unique and does not depend 
on the choice of inner product. 

Lemma 3.1.11. We have Wf{l) = 1. 

Proof. Let = {t{S)-'^ gt{S)) , so G W(7ri,^°) and is invariant under Ui{c{x)'^). By 
newform theory ([1] [12]) is of the form 



1. (W^,Wi-W^) = 0, 




2t 



j=0 



Conjugating back by t{S) 



2t 



3=0 



So 



2t 



j=0 



and 



therefore VFf (1) = cq = 1. 



□ 
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3.2. Archimedean case. Assume now that F = M. and let ijj be the standard additive character 
of F defined by tp{x) = e^'^*^. We write tti = tt^ and 7r2 = t^x,v- 

The representation tti is a discrete series of weight 2k = 2ky and TTg is a discrete series of weight 
2r + 1 = 2r^ + 1. Let vr be a discrete series of lowest weight k, then G W(7r, V') is called a 
standard Whittaker function of weight k if its weight is k, W^{t{a)) = for a < and 



/ 



W^°(i(a))|a|"-V2dXa = L(s,7r). 

Such a Whittaker function satisfies 

„ f2a'^/2e-2'^« if a>0, 

[O ifa<0. 

Similarly, we say is a standard Whittaker function of weight —k if its weight is — fc, and 

2|a|fc/2g27ra if q < Q, 



if a > 0. 



The definition of L{s,Tr) will be recalled during the proof of the following proposition. 
Locally at v (we drop v occasionally in the rest of this section): 

f{s,g;h) = rA{gi)M0M9)\^'-'\det{g)\-'/^u;idet{g)), 

where (/>2 is defined in Remark 2.2.1. Note that 02(0) = 1, so /(s, 1, (p2) = 1- In the following we 
take l = k — r — lifk>r and I = r — k \i r > k. As in Section 1 we write Si for the set of infinite 
V with kv > Ty and S2 for the set of v with > k^ > 0. 

Lemma 3.2.1 (Barnes' Lemma). Assume fi, /2 are smooth functions on M+, such that 

[ fi{a)\ar'/^d>'a = Gi{s + n)Gi{s + r2) 

[ /2(a)|a|^-i/2dXa = Gi{s + ti)Gi{s + t2), 

J]St+ 

then 

r2 



/ 

JR. 



h{a)f2{a)\ar'd>'a = 



Gi{2s + ri + r2 + ti+t2)' 



Proposition 3.2.2. Let Wi he the standard Whittaker function of weight —2k in tti and let W2 
he the standard Whittaker function of weight 2r in 1^2 ■ Then 



L(s,7ri X 712) 



2s+fe+r+i/2(j2(s + A;- r - 1/2) •*+(«, T^i,W2,</)2), if v e Si, 
2s+fe+r+i/2Gf2(s + r- A; + l/2) •*+(s,t^i,W2,</.2), if v G S2. 

Here the measure is taken such that the total measure of SO2 (M) is 1 . 
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Proof. By the Iwasawa decomposition and invariance of the triple product under S02{^) from 
the weight computation 

^>+{s)=^>+{s,Wi,W2,4>2)= [ Wi{eg)W2{g)f{s,g;<P2)dg 

J Z(M.)Nm\G(M.)+ 



:)y-i(. 

Recall that 

Gi{s) = 7r-^/2r(5/2), G2(s) = 2(27r)-^r(s). 
If V is in El, i.e. k > r, then the local L-factors are given by 

L{s, TTi) = G2(s + k-^), L{s, vra) = G2(s + r), 

and 

L(s,7ri X Tr2) = G2is + k + r - 1/2) ■G2{s + k-r- 1/2) 

Now we let ri = k — 1/2, r2 = k + 1/2, ti = r, t2 = r + 1 and apply the Barnes' formula: 

^ + fc + r - l/2)Gi(g + fc + r + l/2)Gi(g + + r + l/2)Gi(g + k + r + 3/2) 
~ Gi(2s + 2;fc + 2r + 1) 

So the difference between ^ and the Rankin-Selberg convolution is given by 

G2(s + k-r- l/2)Gi(2s + 2A; + 2r + 1) 



L(s,7ri X 7r2) = *(s) • 



G2(s + A; + r + l/2) 
= 2^+'=+'-+V2g2(s + A: - r - 1/2) • *(s), 

where we have used the formula 

Gi(2s) = 2'-^G2is) = 2'-^Gi{s)Gi{s + 1). 

The case when u G S2 can be treated exactly in the same way. □ 

3.3. Global case. Let tti = vr = tt^ and 7r2 = vr^ = Hi, "''"xi^ • take the measure on G{A)~^ 
to be the product of the local ones used in previous sections, and define 

W = llWi,,, W*= II Wi^ n ^1%' Wx = Il^2,v, 

where these local Whittaker functions are given in Sections 3.1 and 3.2. The corresponding 
automorphic forms on G(A) are constructed as follows 

(3.3.1) -b)-E7((^5»). 



(3.3.2) ^-(9)= E »"((o 1 
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(3.3.3) ^^{g) = C^{g) + E (^q fj 9^ 

where Cy-{g) is the (possibly zero) constant term of ip^. For a nonempty set T of places dividing 
c(x) we let g^ = H^^t go,v, where go,v = { ^ ,n ) ■ We also write 

y-cixvY oy 

02 = JJ 4>2,v, <t>'-2,T = n ^"^'"^ n ^2.^" 

where (p2,v G S{Ky) is given in Propositions 3.1.1 and 3.2.2, and is defined in Lemma 3.1.7. 
The Eisenstein series associated to 02 is defined by 

(3.3.4) E{s,g;^2)= ^ f{s,jg;<p2), 

7GS(F)\G(F) 

and the Eisenstein series attached to (p'2 is given by 

(3.3.5) E{s,g;(t)'2^T) = ^ /(«, 75; 02,t)> 

7eB(F)\G(F) 

where f{s,g;4>) = rA{gi)(l){0)\as{g)\'^^''^\det g\~^^'^u;{det g) for any (f) e S{Ka). Both Eisenstein 
series have analytic continuation over the whole s-plane. By (3.1.14) and analytic continuation 

(3.3.6) ^(1/2, gt{6-^)g^ti6y, ^2) = E{l/2, g; cj^'^^j.). 

Lemma 3.3.1. Let a|c(x)^ = c(7r^) be a non-unit integral idele and let ipa = p{t{a~^))ip, then 

(3.3.7) / ipa{g)<p^{g)E{l/2,g;<f>2)dg = 0. 

J Z{A)G{F)+\G{A)+ 

Proof. We write Wa = p{t{a''^))W . If v{a) < c(7r;^) for all v, then 



/ faig)^xi9)E{s,g;(p2)dg 
Jz{A)G{F)+\G{A)+ 

I Wa{eg)W^{g)f{s,g-<i>2)dg = Q. 

Jz(A)N(A)\G(A)+ 



IZ{A)N{A)\G{A) 

If v{a) = 'u(c(7r^)) for v eT, then by Proposition 3.1.9 

/ fa{g)^xi9)E{l/2,g;(p2)dg = / ipaig)(Px{g)E{l/2,g;(p2T)dg, 

J Z{A)G{F)+\G{A)+ J Z{A)N{A)\G{A)+ 

which is zero by (3.1.15) through analytic continuation. □ 
We say G tt is holomorphic (or anti-holomorphic) if its Whittaker function 
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satisfies 



Wi> ( ["^^ J ) = V^(«/)^oo(i(aoo)) (or i^{af)W^{t{aoo))), 



where V' is a function of finite ideles a/, Woo = Ylv\oo (or Woo) is the standard holomorphic 
(or anti-holomorphic) Whittaker function of weight {2ki, • • • , 2kd) (or {—2ki, • • • , — 2^;^)) defined 
in Section 3.2. The number i>{af) is called the a/-th Fourier coefficient of ip. 

Proposition 3.3.2. For any anti-holomorphic form, t/j e n of level t{5~^)Uo{Nc{x)^)t{S) 
Proof. By newform theory such a tp has the form 

l/j = CQip+ ^ Ca^Pa, 

where a is a nontrivial class modulo local units. As VFa(l) = for nontrivial a, so ■i/'(l) = co^(l) = 
Co, and 

(V,^*) = (V^(l)^+ ^ CaiPa,^*)=Hl){<p\ip*). 
a|c(x)2 

Here we have used the facts that ((/?*, 99^) = for non-unit a|c(7r^), and ((/?*, 99*) = {if*,ip) (from 
the local definition). □ 



Proposition 3.3.3. Let us retain the above notations, then 

M-L/(l,cj)2l^l 

/Z(A)G(F)+\G(A)H 

where Lf{l,uj) denotes the finite part of the L-function, D = c{x)'^c{uj), iJ,{ND)'^ = fj,{Uo{ND)'^), 
S is the set of finite places dividing c{lo) , and M is given by 



(3.3.8) L(l/2,7r x tt^) = ^ " f/^^^!l^^'^' / <p*{g)^^{g)E{l/2,g;cl>2)dg, 

fl[I\U)^ Jz(A)G(F)+\G(A)+ 



(3.3.9) ^ = n 2''^'+''"+' n '^2(A;^ - Tv) n ^2(1 + r-„ - k^). 

v\oo ve^i ve'S2 

Proof. By Lemma 3.1.11 and newform theory we know that ip* = ip + X^a|c(^)2 Ca<Pa, where the 
sum is over non-unit integral a modulo the local units. Now (3.3.8) follows from Proposition 3.1.9, 
Proposition 3.2.2 and Lemma 3.3.1. □ 

4. Theta correspondence and main formula 

In this section we first realize the terms if-,^ and E{l/2,g;(j)2) in (3.3.3) as theta lifts. Then 
we apply a seesaw duality to express the the central value as a double torus integral. At last we 
use the Shimizu correspondence to determine the integrand explicitly. The main central value 
formula is therefore obtained. 
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4.1. Theta series and Eisenstein series. Let K as before be the quadratic CM extension of 
F. Let = Yly(t)i,v € S{Ka), where are defined in Section 2.2. The theta hft of % from 
GSO{Ka) to G(A)+ is defined by 

(4.1.1) e{g,xAi)= I e{tKg-Ai)x{th)dt, 

J SO{K)\SO{Ak) 

where h is any element of GSO{Ak) = such that N^ih) = det{g), and 9{h,g; (f)i) is the theta 
kernel defined in (2.1.2) attached to (iT, N;^). We normalize the measure on SO{Ak) = A]^ such 
that n is of measure 1 for any finite place v, and = 50(2) is of measure 1 for any 
archimedean v. The total measure of SO{K)\SO{Ak) is 2Lj(l,a;) (Waldspurger [9] Section 1.5). 

Proposition 4.1.1. Let (f)2 G S{Ky) he a Schwartz function in S{Ky) defined by 

1ck„(^) ^/^ finite and Xv is unramified, 

4>i,v{^) = { Xv{z)lQy. {z) ifxv is ramified, 

Ky 

2z^^e~^'^^l^l^^ if V is archimedean. 

(1) Let Uq{D)^ = Uo{D) n G{Fv)~^ and let 5^ be the conductor of tp at a finite place v. For 
k' G t{6y)-^Uo{D)+t{6y) and g G G(A)+ we have 

e{x,gk';cl)i) = e{x,g;(t>i) 

if V is unramified in K, and 

0{x,gk';(t)i) = u;{k')e{x,g;4>i) 

if V is ramified in K. Here in the last identity (jj{k') = ijj{d) if k' = t{5~^) i | t{6y). Recall 

At an archimedean v the function 9{x^9]4'i) ^'^s weight 2r„ + 1. 

(2) For all places v not dividing D and g G G{F^)^, the local Whittaker function Wy{x, g', (pi) 
of 9{x-,g'-,4^i) equals Wy^^^{g) (defined in Section 3). At v\D we have Wu{x-, 9'-, ^t^i) = ^x,'"i9) Z*"^ 
g G ri(F^)+. 

Proof. (1) The conclusion is already proved in [4] Proposition 4.1.2 for a finite v. The weight at 
an infinite v is given in Proposition 2.2.5. 

(2) By [4] Proposition 4.1.2 we only need to check g = t{a) = for a > at an 

archimedean place v. 

We quote a formula for the Whittaker function of 0{x,g', 4>) (see [6]) 

Wv{x,g-Ai) = I L{h)ri{gi)^i{a~^)x{(Th)da, 

where /i G C is any number such that N(/i) = dei{g). We will simply take h = ^/a. 



that t{5) 
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As 01(2) = 2(x — iy)^^e''^'^^^^'^y'\ so we have 

Tn(x,t(a);0i) =a^/2 f ^^^at-^h-^)x{th)dt 

J]R/27rZ 

which is exactly W;^,^(i(o)). □ 

Let 0{h, g; (t>2) be the theta kernel attached to the quadratic space {K, ANk) (Section 2.1). The 
theta lift of 1 from GSO{Ka) to G(A)+ is given by 

I{g- cl>2) = e{l, g; (f>2) = [ e{th, g; (t,2)dt, 

J SOiK)\SO{Kf,) 

where h G with NK{h) = detg, and the measure on SO{K)\SO{Ka) is the same as that 
used in defining the theta series 6{g, x; ^1). 

Proposition 4.1.2 (Siegel-Weil). For any g G G{A)~^ one has 

E{l/2,g-ct>2) = Lf{l,u)-^I{g-ct>2). 

Proof. For g G SL2{A) and the Eisenstein series defined through the standard maximal compact 
subgroup, the above formula is proved in Proposition 31 of [8]. At s = 1/2 the standard Eisenstein 
series and our twisted one coincide as = \as{g)\^^~^ for s = 1/2. 

The extension to G(A)+ now follows from Theorem 4.2 of [3]. □ 

Proposition 4.1.3. Let us retain the notations, then 

(4.1.2) L(l/2,7r X vr^) = / ip*ig)e{x,g;<Pi)I{g;<P2)dg. 

fl[I\IV)^ J Z{A)G{F)+\G{A)+ 

Proof. The same argument as [4] Proposition 4.3.1 shows the following identity for 3f?(s) S> 
/ f'{9)v^x(.9)E{s,9;h)dg = / ip'{g)e{x,g-Ai)E{s,g;(t)2)dg, 

JZ(A)G{F)+\G{A)+ J Z(A)G{F)+\G{A)+ 

for any automorphic form (p' in tt. By analytic continuation and Propositions 3.3.3 

L(l/2,7rx7r;,) = ^^^^^^^ / ^\g)eix, g; cl>i)Eil/2, g; 4>2)dg. 

fl[I\lJ)^ J Z{A)G{F)+\G{A)+ 

Now Proposition 4.1.2 gives the desired formula. □ 
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4.2. Seesaw identity. We fix an embedding of K into B and j E B as in Section 2.2, such that 
B = K + Kj with f = -A. Therefore {B, Nb) = {K, Nk) {Kj, Nk) = {K, N) (K, AN). 

In Proposition 4.1.3 we find that the central value is an integral which involves two theta lifts 
9{x, g; (pi) and I{g; (^2)- To place these theta lifts together we use the following seesaw dual pair 
([5]): 

(4.2.1) R{G{A)+ X G(A)+) G50(Sa) 

G(A)+ """^^^^^^^^^^ 1 GSO{K^j)) 

Here the left vertical map is the diagonal embedding, and the right vertical one is the natural 
embedding given by regarding [fj,, u) as the similitude 

x + yj^ H{x) + u{y)j G B^ . 

Let ri, r\ and vb be the Weil representations defined on R{GSO{Kj^) x G(A)+), R{GSO{K^j) x 
G(A)+), and on R{GSO{Ba) x G(A)+) respectively (Section 2.1). 

We take cp £ 5'(-Ba) = S{Kj^) S{KAj) to be ^(xi©a;2j) = 0i (a; 1)^2 (2^2), where (pi and 02 are 
given in Proposition 4.1.3, so 

rB[{hi,h2),g](p{xi ® X2j) = ri{hi,g)(t)i{xi)r\{h2,g)(t>2{x2)- 

where (/ti,/i2) € R{GSO{Ka) x GSO{Ka)) with similitude factors 1/(^1) = z^(/i2) = det(5). 
Consequently one has a decomposition for the theta kernels 

(4.2.2) eB{{hi,h2),g;<P)=e{hi,g-cPi)e{h2,g;h)- 

Before going anywhere further we first prove a general seesaw identity for the above seesaw 
dual pair. Let Fi and F2 be two cuspidal forms on Z(A)G(F)+\G(A)+ and Z{A)H{F)\H{A) 
respectively, here we write H = R{GSO{K) x GSO{Kj)) for short. We define theta lifts 

e{Fi,h;(f>) = / OB{h,gig;(f>)Fi{gig)dgi, 

JSL2{F)\SL2{A) 

e{F2,g;4>)= [ 9Bihih,g;4>)F2ihih)dhi, 

JHi{F)\Hi{A) 

where v{h) = det g, 

Lemma 4.2.1 (Seesaw identity). We have 

(4.2.3) / e{F2,g;^)Fi{g)dg= [ d{Fi,h;(f>)F2{h)dh. 

Jz{A)G(F)+\G{A)+ Jz{A)H(F)\H{A) 
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Proof. Let S be the compact group F+A+\A+, where F+ = N(K^), A+ = N(A^) and A+ = 
N(ii'^). Using the maps det of G and u of H we have 

1 ^ SL2{F)\SL2{A) ^ A+ G(F)+\G(A)+ ^5^1, 

and 

1 ^ H,{F)\H,iA) ^ At,H{F)\H{A) ^ S ^ 1. 

We also have 

1 ^ A+ F^\A^ ^ A+ G(F)+\G(A)+ ^ Z(A)G(F)+\G(A)+ ^ 1, 

and 

1 ^ A+ FX\AX ^ At,HiF)\H{A) ^ Z (A) H iF)\H (A) ^ 1. 

Here the measure ds on 5" is the product of local measures on such that Nk{0^^) has 
volume 1. The measure on A+F^\A^ is the product of local measures on F^ such that 
has volume 1. The measures on SL2{A) and H(^F)\Hi{A) are induced from the exact sequences. 
Since Hi{F)\Hi{A) = [SO{K)\SO{Ka)]'^, the measure thus chosen on SO{K)\SO{Ka) is the 
same as the one in Section 4.1. If we write n = /x(A+ F^\A^), then the left hand side of (4.2.3) 
equals 

/ 9{F2,g;<P)Fi{g)dg 
Jz{A)G{F)+\GiA)+ 

= - [ e{F2,g;4>)Fi{g)dg 

M J A+G{F)+\G{A)+ 



fJ- JS JSL2{F)\SL2 

and the right hand side of (4.2.3) becomes 



= -/ / e{F2,gis;^)Fi{gis)dgids, 

M Js JSL9.(F)\SLo(A) 



- f f e{Fi,his;(l))F2{his)dhids. 

M Js Jh^ (F)\H^ (A) 



M JsJHi{F)\Hi{ 

Now (4.2.3) follows by Fubini theorem and the definition of theta lifts. □ 

Now we take Fi = ip* and F2{h) = x{h) = xih) for h = (ii,t2), then by (4.2.2) and (4.2.3) the 
integral in (4.1.2) becomes 

(4.2.4) / ^*{g)e{x,g;4>i)I{g;(l>2)dg= [ d{^\h-<t>)x{h)dh. 

J Z{A)G{F)+\G{A)+ J Z{A)H{F)\H{A) 

To obtain a better form of the integral we use the following identification: 

(4.2.5) GSO{Ba) ^-^ X B^/Ax 

H(A)^ K^xK^/Ax 
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Here, the top isomorphism is given by (51, 52)^ = 5i&52 ^ 5i) 52 € and b E B; the left vertical 
arrow is the one given in the above, and the right one is induced by the fixed embedding. So the 
bottom one sends {ti,t2) e x to {tit2^,tit^^) = (/n,/i2) e R{GSO{a) x GSO{Kt^j)). 
Under the above identification the right side of (4.2.4) becomes 

(4.2.6) / 9i<p*,h;ct>)x{h)dh= [ 9{^\{UM);<t>)x{ht^^)dtidt2. 

J Z{A)H(F)\H{A) J(A-^Ky\K'^Y 

Proposition 4.2.2. The central critical value of L{s,Tr x tt^) is given by 

- J{AxKx\Klr 

where M and D are given in Proposition 3.3.2. 



L(l/2, TTf X TT^) = / ei^\ (ii, i2); <P)x{tlt2')dtidt2, 



4.3. Main formula. In this section we first show that the theta lift 9{(p*,a; 4>') on A'^\B^ x B^ 
decomposes as a product of two automorphic forms on B^/B^A^ (here and later on we always 
identify GSO{B) and B^ x B^ /F^). Then we use the decomposition to derive the main central 
value formula. 

Lemma 4.3.1. The automorphic form 0{ip* ,x,y;(p), regarded as a form on B^ x B^, has the 
following level (or weight) structures: 

1. 9{(p*,xki,yk2;(f)') = x{K^k2)0{'P*,x,y;(t)') forki,k2 G R'' , 

2. 9{ip* ,xka,yki3;(l)) = e^"("^^)0(<^*, x, y; ^) for ka = e*". See Section 2.2 for the definition of 

and x on it. 

Proof. The theta kernel is given by 

9B{{x,y),g;cl>')= J] rB{{x,y),g))cf>'{b) = ^ \NB{x-^y)\rB{giW{x-%), 

beB(F) beB(F) 

where (x,y) G B^'^ such that i'{x,y) = NB{xy~^) = detg. Now the claims follow from Proposi- 
tions 2.2.3 and 2.2.5. □ 

Proposition 4.3.2. We have 



9{ip*,x,y;4>') = C^B{x)-y,''{y), 

where C is certain constant to be determined later in Theorem 2, if^ is an automorphic form, in 
the automorphic representation tt^ , which is determined up-to a constant multiple by the following 
level structures: 

(1) (f^ has weight 2r„ at an archimedean place v, 

(2) the action of k E R^ is given by 

ip^{xk) = x{k)(p^{x). 
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Proof. In [6] it was shown that 9{ip, x, y; <j)) is in the product of tt^ (g) tt^ = tt^ (g) tt^, where tt^ 
is the contragredient of tt^. By Theorem 2.4.3 of [12] level structures (1) and (2) determine an 
automorphic form ip^ in tt^ uniquely (up-to a constant multiple). The statement is now clear by 
Lemma 4.3.1. □ 

Proposition 4.3.3. The central value is given by 

2 

M 

(4.3.1) L(l/2,7r X TTj^) 



lx{Nc{xf 

where M is given in (3.3.9), and C , ip^ are given in Proposition 4-3.2. 
Proof. By Proposition 4.3.2 it suffices to show 

/ e{ip\{tiMyA')x{ht2^)dtidt2 

J(AXKX\K^)^ 

2i5| r 



But this is proved in Theorem 5.3.9 of [4]. □ 

We now determine the constant C in Proposition 4.3.3. The method used here is inspired by 
[10], but is simpler. 

Let if' be the theta lift of ip^{x)ip^{y) from GSO{Ba) to G(A)+ with respect to 4>' G S{Ba) 
(here G(A)+ denotes the matrices with determinants in Nb{B^)). In other words ([6] or [10]) 

ip'{g)= / eB[iyxa,y),g;(p']p^{yxa)ip^{y)dxdy, 

Jaxbx\b^ Jb^\bI 

with a e such that N(c7) = det(5r). The measure on GSO{Ba) = PB^ x B^ is normalized 
such that the following adjoint identity holds 

(4.3.2) {<p',l^) = {<p''^,e{;ip*,<P'))GSOiB) = Ci^''^,^''^). 

Shimizu [6] showed that if' is a cuspidal form in tt (after extending ip' to G{A) by left-invariance 
under G{F)). By Proposition 2.2.5 and Proposition 2.2.3 the form ip' has weight (2fci, • • • ,2kd) 
and level t{6)~^Uo{Nc{x)'^)t{6), so Ip' is anti-holomorphic of weight {—2ki, • • • , —2kd). Proposition 
3.3.2 implies 

{<p',r) = {v>*,^')=W){v*,v*)- 



The Whittaker function of (p' is related to that of (p' by W^i{g) = Wipi{eg), where e = t{—l) G 
G(A), so ^'(1) = ^'(1) and 

(4.3.3) i^',r) = $'il){^\v*)- 



29 



To compute the first Fourier coefficient of ip' we note that the Whittaker function of is given 
by ([6] [10]) 

(4.3.4) W^,{g)= f [ L{xa,l)rB{gi)<t>'{l)v''{yxa)dx^B{y)dy. 

JkxBx\B^ JbI 

Proposition 4.3.4. Let 

W{g,y) = I L{xa,l)rB{gi)(t>'{l)^''{yxa)dx, 

then for g = t(aool/) 

W{g,y) = ii{B})M'W^{t{a^))<f''{y), 

where Wqo is the standard Whittaker function of weight (2A;i,--- i^kd), fJ-iR^) is the measure of 
R} C B\, and 

(4.3.5) M' = n 2(4;r)^— ^ ^^- + "-'1^' . 

v\oo 

Proof. At a finite place v )(c{x) 

(4.3.6) / L{x,l)rB{l)(j>\l)^^iyx^)dx^ 
JBl 

<t> {yxv)dxv = / (p^{yxy)dxy = ii{Rl)ip^ {y) 

Fv 



as if^ is invariant under (here Ry may be i?^). At a place v\c{x) 
(4.3.7) / L{x,l)rB{l)cl)'{l)^^{yxy)dxy 

(j)' {x:^^)ip^ {yxv)dxy = I xixv)'^f^iyxv)dxy = ii{Rl)ip^{y) 

as ip^ is x-isotypic under the action of R^ . 

We assume now v is an archimedean place. Because tp' has the lowest weight 2kv at each 
archimedean place v it must be holomorphic over v and W^/(t(a^)) = Woo{t{av)) = for a„ < 0. 
Therefore we assume that g = t(a^) for > from now on. 

Definite case. Let = H be the Hamiltonian quaternion and take a = a^/^ G H. The 
integral W{g,y) is a Hecke operator on ip^ at place v. We will compute its eigenvalues using the 
model of vr that is given by matrix coefficients {t^g} on SU{2), where I = k — 1 and s varies (see 
Appendix A). Because the weight of (p^ at v is 2r the vector t^j. is the one in this model that 
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corresponds to ip^ . One has 

W{g,y)= a(j){a'x')ip^{yxa)dx 

JSU{2) 

= t^-\l)-' [ a ■ 2(aV2«)2'-p^_,_i(47ra|^;|2)e-2™(l"l'+l^l')t^-i(x)dx • (^^(y) 

JSU{2) 

= 20^+^6-2^'^ / u'^'^pk-r-i{^T^a\vf)t^-\x)dx ■ if^iv) 

JSU{2) 

(4.3.8) = 2a^+^e-2™^" |^ cosg + l ^ Pfe_^_i(27ra(l - cose))Pl^-\cose)smede ■ ip^{y) 
Here in the above identity we have used {I = 1 — k) 

and the fact that 4r(l) = -frr(l) = 1- The coefHcient of the highest degree term of Prr{z) is 

(2/)! (2fc-2)! 

2'(Z + r)!(/-r)! ~ 2'=-i(A; + r - 1)!(A; - r - 1)! ' 

while the coefficient of the highest degree term (in cos^) of [^^^j^Y pk-r-i{27ra{l — cos6)) is 
given by 

(27ra)*^-^-^ 
2'-{k-r- 1)!' 

Therefore, using the orthogonahty of Legendre polynomials (A. 0.13) we can see that the integral 
in (4.3.8) is given by 

2(4.)^— ^a'^— ii^±^. 
Hence after putting v back in we get 

(4.3.9) W,ig,y) = 4 • 4fe.-r.-i^fe.-r.-i^fe Jfe^ +^^^-^|)' ,-2.a^i.(^) 

= 2(47r)^— ^ ^^-+J-;^|V oo(t(a,))<^^(y). 

Indefinite case. We assume first that > 0. We will occasionally drop the subscript v in 
the following. 

This time we use the model generated by matrix elements on the group SL2 (M) . The vector 
in the model that corresponds to ip^ is also 4r by weight consideration. Let g = t{a) (a > 0) and 
a = ^/a. The function W{g, y) becomes: 

W{g,y) = 2ar+^ [ u2V,_fc(47ra|i;|2)e-2-(l«l'+l-l')t-'=(x)dxA-,'=(l) • <^^(y). 

JSL2(M) 

Using Euler angles we obtain (Appendix A): 

W{g,y) = 2a'+^ [ (cosh ^)2>,_fc(47rasinh2(^))e-2"'^"°^'^*«p-^(coshi) sinhtdt, 
Jr+ 2 2 



and we have 



^-\cosht) = (cosh ^)-2^pJ°'-''') (cosh t). 



Note that tj.J:'{l) = 1, thus the above integral becomes 

poo 

=2a'+' / p,_fc(27rai)e-2'^«e-2'^»*p/°'-"'^(i + l)dt • ip^'iy). 
Jo 

Recall that the Jacobi polynomial Pj:'^^'^^\z) is given by: 

A T7f /3 A ("l)n(«2)n no ^ 

and F{ai,a2]p] z) = > 77-^ z . So we get: 



W{g,h) =2a^+'e 



n=0 

r+1 — 27ra 



n!(/3). 



r— fe 



{k-r)n{l-k-r) 



n=0 



(n!)^ 



By the orthogonality relation of Laguerre polynomials (2.2.3) we can see the integral equals: 

2a''+^e- 



.r+l„-2^a (fe + ^-l)---(2fc) 

{r-k)\ 



__.^^r+l^-2.a {k + T-l)---{2k) [v - k)\ 



2r-k{r-k)\ (27ra)'-'=+i 
=2(47r)'=-'-^(A; + r - 1) • • • {2k)2af' e''^'"' . 

Putting w back and we obtain 

(4.3.10) W,{g,y) = 2(47r)^--'-"-^ ^^^^ V oo(^(a.))y^(y). 

Proposition 4.3.4 now follows from (4.3.6), (4.3.7), (4.3.9) and (4.3.10). 
We now come to the final central value formula. 
Theorem 2. The central value of L{s,Tr x tt^^) is given by 



L[1/2,TT X TTy) = MM ■ p- 



where M is given by 



M' is given by 



M = J] 2'="+^"+! H G2{k^ - r„) n G2{rv -K + 1), 
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hCR^) is the measure of E} = Ci Bj^ (Section 2.2) and fj,{Nc{x)'^)^ is the measure of 

Proof. From Proposition 4.3.4 
so by (4.3.2) and (4.3.3) 

Now the formula is clear from Proposition 4.3.3. □ 

Note that the level of ip* is (the twist of) Nc{xf'-, so is the level of ip^ . In a subsequent paper 
we will lower the level to iV, which is more suitable for applications. 

Appendix A. Models of representations at infinity 

In the next section we need to compute eigenvalues of certain archimcdean Hccke operators 
which are defined as integrals on i?^ . Here v is an archimcdean place, and we will drop v through- 
out this section. So is either SU2{C) or S'L2(M) depending on whether B is the quaternion 
algebra or the matrix algebra. To compute the eigenvalues we can restrict the irreducible rep- 
resentation TT of B^ to B^ (still denoted by tt), and calculate the eigenvalues on the restricted 
representation. This process will give the same eigenvalues. 

Now we describe a convenient model for the representation tt of 5^. It realizes tt as a subspace 
of harmonic functions on the Lie group B^. These functions arc actTially the matrix cocfRcients 
of IT. The facts recorded here are well-known and can be found, for instance, in Chapters 6 and 
7 of [7]. We start with B^ = SL2{R). 

First, the group 5L2(M) can be realized as a subgroup of GL2{C) and any g G 5L2(M) is 
parametrized by three Euler angles 

< < 27r, < t < oo, -27r < ip <2Tr, 

such that 

e'-^/s \ /cosh I sinh|\ /e*^/^ \ 
er''^/^J \smh^ coshy \^ e-^'^/^J ' 

The measure of S'L2(M) is given by 

sinh t dO di/j dt. 

So the total measure of 5*^2 (M) is one. The torus SO{2) is embedded in S'L2(M) by mapping e*" 
to 

Jacobi polynomials are defined by 

Pt'^ iz) = "^^^^^r^H-n, n + « + /3+l;a + l;l 
nil [a + 1) 



(A.0.11) g 
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which is a polynomial of degree n in z, here a G Z>o, n G Z_|_ and F{a, b; a; z) = — ^ " z" 

is a hypergeometric series, where (a)„ = a(a + 1) • • • (a + n — 1). 

Assume vr is the discrete series of lowest weight —21 with / a negative integer. Let the matrix 
elements of vr be given by t\^^n{9) ~ (T^'Vm.Vn), where (, ) is an invarinat Hermitian form and 
Vm is a weight m vector of norm 1. So t^rnn{9) — e~*'^"*'^"'""'^'*!pJ„„(cosh i) under the decomposition 
(A.0.11), then 

q3L(cosht) = (sinh^)— "(cosh^)-+'^p(rj"'"^+"^(coshi), 

where n < m < Z < 0, for other cases we use the symmetric relations. Another symmetric relation 
is 

?5Ln(cosht) = <pL„, _„(cosht). 

If vr is the discrete series representation of SL2{M.) of lowest weight —21, then for every fixed 
m < Z it has a model generated by the matrix coefficients t^mnid)-) where n runs through all integer 
numbers less than or equal to /. 

Similar facts hold for SU{2). The group SU{2) can also be regarded as a subgroup of GL2(C) 
and every element g G SU{2) has an Euler angle parametrization 

_ /e*^/2 Wcosf isinf\ /e^'^/^ \ 
^ ^ ^ ^ ^"1^0 e-'^/^J l^zsinf cos f J 1^0 e^^^/^ J ' 

where 

< < 27r, < 6* < TT, -27r < V < 27r. 

The measure is chosen such that the total measure of SU{2) is 1. We fix the same embedding 
of 5*0(2) into SU{2). The matrix coefficients of an irreducible representation tt of SU{2) with 
dimension 21 + 1 have the form 

4n(5) = i'"-'^e-(-'^+-^)p4„(cose), 

where P^n ^ Legendre polynomial and \m\, \n\ < I. For a fixed n, the space generated by tjj^, 
where m = —I,-- - ,1, is a model of tt (under the right regular action). We have the following 
Rodrigues formula for Pj^^{z): 



(-1) 



2' 



ii + my. 



{I - n)\{l + n)\{l - m] 



1/2 

X 



X (1 + 2)-("»+")/2(l _ ^)(n-m)/2__^(^ _ ^ ^y+n] 



The Legendre polynomials have nice orthogonal properties: 

(A.0.13) I' Pl^{z)Pl^{z)dz = -^5ir5rns5nU 

where 5ab = 1 or depending on a = 6 or not. 
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